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I. INTRODUCTION

The fundamental equation of state (FEOS) can be ex-
pressed with various thermodynamic potentials1, e.g. in-
ternal energy E(N,V, S), enthalpyH(N, p, S), Helmholtz
energy F (N,V, T ) or Gibbs energy G(N, p, T ), with num-
ber of particles N , volume V , pressure p, temperature
T and entropy S. Any other thermodynamic property,
which may or may not be measurable in the laboratory,
is a linear or non-linear combination of derivatives with
respect to the independent variables. Conceptual details
for the present context are outlined in references2,3. The
form F/T (N,V, 1/T ) is preferred for empirical correla-
tions due to practical reasons4. A definition for its deriva-
tives may be

∂m+n(F/(RT ))

∂βm∂ρn
βmρn ≡ Amn = Ai

mn +Ar
mn, (1)

where R is the gas constant, β ≡ 1/T and ρ ≡ N/V . Amn

can be separated into an ideal part Ai
mn and a residual

part Ar
mn

5. The ideal part can usually be obtained by
independent means, e.g. spectroscopic data or ab initio
calculation3,6,7. It is the residual part which is of concern
here.
An empirical FEOS correlation needs carefully selected
thermodynamic data to be used in a fitting procedure.
Unfortunately, the data availability today is insufficient.
FEOS correlations with technical accuracy4 covering the
entire fluid region of technological interest are available
for about 100 of roughly 1000 pure compounds of indus-
trial relevance. For the remaining compounds, data sets
are at best scarce so that FEOS correlations are hardly
feasible. For mixtures, of course, the data availability is
much worse.
It is to be expected that the accuracy of the Helmholtz
energy surface representation will increase if more Amn

are used in fitting eq. (1). Consequently, the accuracy
of any other thermodynamic property obtained from the
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FEOS should also increase. However, the overall infor-
mation on the whole possible range of Helmholtz en-
ergy derivatives from laboratory measurements is lim-
ited: Ar

01 = p/(ρRT )−1, Ai
10 +Ar

10 = H/(RT )−Ar
01−1

and Ai
20 +Ar

20 = −Cv/R, where Cv is the isochoric heat
capacity. A11 and A02 cannot be accessed individually,
because the measurable quantities, isobaric heat capac-
ity Cp and speed of sound w, are non-linear combina-
tions of A01, A20, A11 and A02. In molecular simulation
such constraints can be entirely removed. The statisti-
cal mechanical formalism proposed by Lustig allows for
the simultaneous sampling of any Ar

mn in a single NV T
simulation for a given state point2,3.

II. MOLECULAR SIMULATION AND FEOS
CORRELATION

Recent progress in molecular simulation has shown
that molecular interaction models have powerful predic-
tive capabilities with respect to thermodynamic data8.
The current standard is to match molecular models to
real compounds based on laboratory vapor-liquid equi-
librium (VLE) data. The typical accuracy of reproduc-
tion is ±5% for vapor pressure and ±1% for saturated
liquid density9–16. However, it is usually not known
how molecular interaction models perform in homoge-
neous regions. We performed simulations for some ten
molecular models9–16 representing fluids of very differ-
ent nature at various state points in the homogeneous
regions, and compared Ar

mn results with the best avail-
able FEOS correlations from the literature. The results
for hydrogen sulfide are shown in figure 1 as an exam-
ple. There is agreement with the FEOS of Lemmon
and Span17 throughout. Only Ar

02 shows a deteriora-
tion, which was not considered individually in the fits
of the FEOS17. Tests for other fluids also show promis-
ing behavior. Additional examples (including argon and
hydrogen chloride) are given in the supplementary mate-
rial. We conclude that molecular interaction models may
perform well in the fluid region, based on comparisons to
reference FEOS correlations.
Therefore, a valid FEOS correlation can be established
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based on laboratory VLE data and molecular simula-
tion data covering the homogeneous fluid regions. This
approach targets fluids for which no laboratory data in
the homogeneous fluid regions are available. With such
hybrid data employment, the construction of an FEOS
amounts to investments of days rather than years com-
mon for the exclusively experimental route. Using VLE
data from laboratory experiments rather than obtaining
them from molecular simulation is still advised. Typical
uncertainties (see above) of directly simulated VLE data
are usually too high for technical quality FEOS develop-
ment. In this paper, two examples are presented: argon
and hydrogen chloride.
The underlying experimental VLE data sets as well as
the ideal part of the Helmholtz energy in eq. (1) were
adopted from the FEOS correlations18,19. Extensive data
sets in the homogeneous fluid regions were generated us-
ing the molecular simulation tool ms220 that currently
supports the derivatives Ar

00, Ar
10, Ar

01, Ar
20, Ar

11, Ar
02,

Ar
30, Ar

21 and Ar
12. The simulations used molecular in-

teraction models fitted to experimental VLE data of ar-
gon and hydrogen chloride9,16. The resulting data sets
cover large portions of the homogeneous fluid regions:
155 state points for argon and 61 for hydrogen chlo-
ride with nine Ar

mn at each state point. Throughout,
256 particles were sufficiently equilibrated and then run
for 2 million production cycles with NV T Monte Carlo
simulations21. Electrostatic long-range corrections were
approximated by the reaction field method22. The resid-
ual Helmholtz energy was determined by Widom’s test
particle insertion23. Results were validated with simula-
tions of N= 800 and 1372 particles. System size effects
were found generally insignificant for the current pur-
pose.
The employed correlations are explicit in terms of the
residual Helmholtz energy as is common in modern FEOS
development4

Ar
00 =

IP∑
k=1

nkτ
tkδdk +

IP+IE∑
k=IP+1

nkτ
tkδdk exp(−δlk) +

IP+IE+IG∑
k=IP+IE+1

nkτ
tkδdk exp(−ηk(δ − εk)2 − λk(τ − γk)2),

(2)

with IP polynomial, IE exponential and IG Gaussian bell-
shaped terms. δ = ρ/ρc and τ = Tc/T , where ρc and Tc
are the critical density and critical temperature, respec-
tively. Sole fitting of coefficients nk is straightforward24.
However, the core of FEOS correlation is the simulta-
neous optimization of IP, IE, IG, tk, dk, lk, ηk, εk,
λk, γk, which requires the expert use of complex non-
linear fit algorithms4,25. Fitting procedures employed in
this work follow the outlines of Lemmon and Jacobsen25.
The numerical values for the parameters of the present
FEOS correlations are given in the supplementary mate-
rial. Here, we report on preliminary progress over stan-
dard procedures utilizing molecular simulation data. The

presented results are from preliminary FEOS optimiza-
tions of eq. (2). Improvements are in progress and will
be reported (in all detail) in due course.
The most accurate FEOS18,19 available in the litera-
ture reproduce experimental vapor pressures pv within
±0.02% and saturated liquid densities ρ′ within ±0.01%
for argon and ±1.0% (pv) and ±1.5% (ρ′) for hydrogen
chloride. Deviations tend to be higher near the critical
point. The present FEOS are nearly as accurate: pv is re-
produced within ±0.03% and ρ′ within ±0.1% for argon.
For hydrogen chloride the results from the experimen-
tally designed FEOS and the present FEOS are about
identical. VLE deviation plots are given in the supple-
mentary material.
In figure 2, the present FEOS is compared with the ref-
erence FEOS for argon. For both FEOS, the basis of the
comparison is the same set of laboratory data gathered
from the homogeneous fluid regions. Here, only the most
trustworthy laboratory data are considered. Note that
for the present FEOS no laboratory data in the homo-
geneous regions were used for the fits. Argon is a well
studied fluid and the FEOS of Tegeler et al.18 can be
viewed as complete thermodynamic knowledge. In com-
parison, the new approach proves to be quite effective.
Figure 3 shows hydrogen chloride. No useful experimen-
tal data for Cv, Cp or w are available in the homoge-
neous regions, leaving density only for comparison. The
present and the reference FEOS exhibit similar perfor-
mance. The present FEOS, however, was constructed
with a much larger set of independent Ar

mn. It is there-
fore reasonable to assume superior predictions for the re-
maining thermodynamic properties. In such cases, when
experimental data are not available, molecular simulation
can be used to enlarge data sets or to increase the range
of validity of FEOS correlations to state points difficult
to access in the laboratory.

III. CONCLUSIONS

A strategy is proposed for empirical FEOS correlations
based on laboratory VLE data and molecular simulation
data at homogeneous fluid states. For many substances
sufficient VLE data are available. However, experimen-
tal data at homogeneous states are usually scarce or un-
available. Molecular simulation can provide such data
with little time and cost effort. Sufficient accuracy for
truly independent thermodynamic properties is feasible
for practical application in process design and technical
quality FEOS correlation. Extensions to a variety of pure
compounds and their mixtures are in progress.

SUPPLEMENTARY MATERIAL

Supplementary material associated with this article
can be found at [URL inserted by AIP]
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FIG. 1. Distribution of simulated state points for hydrogen
sulfide13 in the temperature−density plane (top left). Cor-
responding Ar

mn at the same state points (remaining sub-
figures), excluding the two phase region. Different symbols
denote isochores. Lines correspond to the FEOS of Lemmon
and Span17. Statistical uncertainties of the simulation data
do not exceed symbol sizes.

FIG. 3. Relative deviations of laboratory density data (sym-
bols) from values of the FEOS of Thol19 (left) and the present
FEOS (right) for hydrogen chloride. Details are in the sup-
plementary material. Symbols exceeding the axis limits were
placed on the borders.
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Comparison of residual Helmholtz energy derivatives ( r

mnA ) from molecular 

simulation (symbols) with FEOS correltations (lines). Note that lines are absent 

outside the range of validity of FEOS correlations. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 









 











 

  











 











 











 









 











 

  











 

  











 

  











 

  











 

  











 


